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We discuss a method to constrain the fraction density f of the relativistic gas in the radiation-dominant
stage, by their impacts on a relic gravitational waves and the cosmic microwave background (CMB) B-
polarization power spectrum. We ﬁnd that the uncertainty of f strongly depends on the noise power
spectra of the CMB experiments and the amplitude of the gravitational waves. Taking into account of the
CMBPol instrumental noises, an uncertainty  f = 0.046 is obtained for the model with tensor-to-scalar
ratio r = 0.1. For an ideal experiment with only the reduced cosmic lensing as the contamination of B-
polarization,  f = 0.008 is obtained for the model with r = 0.1. So the precise observation of the CMB
B-polarization provides a great opportunity to study the relativistic components in the early Universe.
Crown Copyright © 2009 Published by Elsevier B.V. Open access under CC BY license. 1. Introduction
Understanding the cosmic components in the Universe is one
of the main tasks for cosmology. The current observations from
cosmic microwave background, large scale structure, Type Ia super-
nova, etc., have already indicated ∼ 72% dark energy, ∼ 23% dark
matter, ∼ 5% baryons and ∼ 0.005% photons as the main compo-
nents in the present Universe [1–3].
With the upcoming of the more precise observations, it be-
comes possible and necessary to determine other components. In
this Letter, we shall focus on the determination of the relativistic
components in the Universe. In addition to the photons and the
gravitational wave background [4], these components also include
the massless (or tiny massive) neutrinos, the possible scalar ﬁeld,
the Yang–Mills ﬁeld dark energy in the scaling stage [5–7], and
some unknown massless (or tiny massive) particles, such as the
sterile neutrinos [8]. As known, a large relativistic component in
the Universe during the big bang nucleosynthesis (BBN) stage can
enhance the expansion rate of the Universe, leading to a change
the primordial abundances of the light elements. Thereby, one can
constrain the total energy density of the relativistic components
during the BBN stage [9], but unable to distinguish each compo-
nent, as the expansion rate is determined by the total of all the
relativistic components.
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Open access under CC BY liceIf a relativistic component behaves as a free-streaming gas of
massless particles at the photon decoupling, they will also affect
the growth of density perturbations, in addition to the change of
the expansion rate. So by the observation of CMB spectra, espe-
cially the temperature anisotropy spectrum and the matter pertur-
bation, one can constrain the fraction density f of the relativistic
free-streaming gas among all the relativistic components [10–12].
However, there are various degeneracies between f and other cos-
mological parameters, which need to be broken for the method to
work.
The stochastic gravitational waves backgrounds, generated in
the very early Universe due to the superadiabatic application of
zero point quantum ﬂuctuations of the gravitational ﬁeld [4], pro-
vide a much cleaner way to study the evolution of the Universe.
The effect of the neutrino free-streaming gas on the spectrum of
the relic gravitational waves (RGWs) has been examined in the
previous works [16–19]. In particular, it has been found that the
neutrino free-streaming gas causes a reduction of the spectral am-
plitude by 20% in the range (10−16–10−10) Hz, and leaves the
other portion of the spectrum almost unchanged [19].
This reduced RGWs leave observable imprints on the CMB tem-
perature and polarization anisotropies power spectra [13,14]. Es-
pecially, the B-polarization power spectrum, only generated by
RGWs, is reduced by (20–35%) when  > 200. In Ref. [15] it is
pointed out that the similar effect can also be generated by other
relativistic free-streaming gas. In this Letter, we introduce a new
method to constrain the fraction energy density f of the relativis-
tic free-streaming gas by the future CMB B-polarization observa-
tions. It will be shown that the value of  f , the uncertainty of fnse. 
236 W. Zhao et al. / Physics Letters B 677 (2009) 235–238Fig. 1. The RGWs |hk(ηd)| and |h˙k(ηd)| at the decoupling, where we have adopted the parameters of the primordial power spectra r = 0.1 and nt = 0.in the radiation-dominant stage, strongly depends on the value of
tensor-to-scalar ratio r, and is limited by the noise power spectra
of the CMB experiments. For the model with r = 0.1, CMBPol ex-
periment can give  f = 0.046. If considering the ideal case, where
only the reduced cosmic lensing effect on the B-polarization is in-
cluded, then one has  f = 0.008.
2. Effects of free-streaming gas on RGWs and CMB polarizations
Incorporating the perturbations to the spatially ﬂat Friedmann–
Lemaitre–Robertson–Walker space–time, the metric is
ds2 = a2(η)[−dη2 + (δi j + hij)dxi dx j], (1)
where the perturbations of space–time hij is a 3 × 3 symmetric
matrix. The gravitational wave ﬁeld is the tensorial portion of hij ,
which is transverse-traceless hij, j = 0, hii = 0. Since the relic grav-
itational waves are very weak, |hij|  1, one needs to just study
the linearized ﬁeld equation:
∂ν
(√−g∂νhij)= −16πGπi j. (2)
The relativistic free-streaming gas gives rise to an anisotropic por-
tion πi j , which is also transverse and traceless. By the Fourier
decomposition of hij and πi j , for each mode k and each polar-
ization, Eq. (2) can be put into the form (see for instance [16])
h¨k + 2 a˙a h˙k + k
2hk = 16πGa2πk, (3)
where the overdot denotes a conformal time derivative d/dη.
This equation can be modiﬁed to the following integro-differential
equation [16]
h¨k + 2 a˙a h˙k + k
2hk = −24 f
(
a˙
a
)2 η∫
ηrd
h˙k(η
′)K
(
k(η − η′))dη′, (4)
where the kernel function in Eq. (4) is
K (x) ≡ − sin x
x3
− 3cos x
x4
+ 3 sin x
x5
,
f ≡ ρ fρ0 is the fractional density of the relativistic free-streaming
gas in the radiation-dominant stage, and ηrd is the decoupling time
of the relativistic free-streaming gas. One has f = 0.41 for the de-
coupled neutrino background with the number of species Nν = 3
as the relativistic free-streaming gas. However, if the other rela-
tivistic free-streaming gases also exist in the early Universe, thevalue of f should be larger than 0.41. On the other hand, if the
neutrinos do not free-stream, due to some possible couplings [20],
then the value of f should be smaller than 0.41. So the determi-
nation of f provides a chance to study the relativistic components
in the early Universe.
In the analytic approach, Eq. (4) is approximately reduced to
the following form [14]:
h¨k + 2 a˙a h˙k +
[
k2 − 24 f (1− K (0))( a˙
a
)2]
hk = 0. (5)
When f = 0, this equation returns to the evolution equation of
gravitational waves in the vacuum, h¨k + 2 a˙a h˙k + k2hk = 0 [21–23],
which only depends on the evolution of the scale factor a(η).
Eq. (5) has been solved by perturbations, yielding the full ana-
lytic solution hk(η), from the inﬂation up to the present accel-
erating stage [14,19], and it has been found that the relativistic
free-streaming gas causes a damping of hk by ∼ 20% in the fre-
quency range ν  (10−16,10−10) Hz.
The RGWs can generate the CMB temperature and polarization
anisotropies power spectra C X X
′
 (X X
′ = T T , T E, EE, BB), by the
Sachs–Wolfe effect [13,14,24–32]. As shown in Ref. [14], the mode
functions hk(ηd) and h˙k(ηd) at the photon decoupling time ηd ,
i.e. z ∼ 1100, appear in the integral expressions of the spectra of
CMB temperature and polarization anisotropies. In Fig. 1, we plot
the quantities |hk(ηd)| and |h˙k(ηd)| as a function of kη0, where
η0 is the present conformal time. The conformal wavenumber k
is related to the frequency by ν = k/2π , by setting the present
scale factor a(η0) = 1. We ﬁnd that the neutrino free-streaming
shifts the peaks of hk(ηd) and h˙k(ηd) to the right side. In addi-
tion, when kη0 > 200, the amplitudes of hk(ηd) and h˙k(ηd) are
obviously reduced by ∼ 20%, due to the existence of the neutrino
free-streaming.
The modiﬁcations on hk(ηd) and h˙k(ηd) by this relativistic free-
streaming gas leave observable imprints in the spectra of CMB. To
demonstrate this, the spectra C BB with and without neutrino free-
streaming gas are plotted in Fig. 2. The  < 200 portion of the
spectra is not affected much by neutrino free-streaming gas. Only
on the scales of  > 200, the spectra are modiﬁed effectively, i.e.
the reduction of amplitude of C BB by neutrino free-streaming gas
is noticeable only starting from the second peak. Given the current
precision level of observations on CMB, these small modiﬁcations
caused by neutrino free-streaming gas are diﬃcult to detect. How-
ever, as will be shown in the next section, this modiﬁcation is
expected to be detected by the future CMB experiments, such as
the CMBPol project [33], which are sensitive for the CMB polariza-
tion observations.
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and r = 0.1. In the left panel, we also plot the noise power spectra NBB , and in the right panel, we also plot the quantity DBB .3. Constraint on the relativistic free-streaming gas
As mentioned, in addition to the decoupled neutrino, there may
be other relativistic free-streaming gases in the early Universe,
which may also modify the RGWs and CMB power spectra. So
by the observations of the CMB power spectra, especially the B-
polarization power spectrum (which is only generated by RGWs),
we can constrain the fraction energy density of all the relativistic
free-streaming gases, which is helpful to understand the various
components in the Universe.
If all the CMB ﬁelds are Gaussian random, the power and
cross spectra of the CMB temperature and polarization anisotropies
quantify all the information contained in the observation [34]. We
can use the Fisher information matrix techniques to compare and
contrast the precision, to which various surveys can determine the
parameters underlying the power spectra.
The Fisher matrix is a measure of the curvature of the like-
lihood function around its maximum in a space spanned by the
parameters, such that the statistical error on a given parameter
pi is: pi  (F−1)1/2ii [35,36]. Here we consider the simplest case,
only the fraction density of the relativistic free-streaming gas, f ,
is taken as the free parameter, and only the CMB B-polarization
power spectrum is employed to constrain f . The other cosmolog-
ical parameters are assumed to be well determined by the CMB
power spectra CT T , C
T E
 and C
EE
 by the future CMB observations,
so they will be ﬁxed as their ﬁducial choices in the data analysis.
Thus the Fisher matrix pi = 1/√Fii for pi ≡ f can be written as
[35]
 f =
[∑

(
∂C BB
∂ f
1
DBB
)2]−1/2
. (6)
Here DBB is the standard deviation of the estimator D
BB
 [34],
which is calculable by
DBB =
√
2
(2 + 1) fsky
(
C BB + NBB
)
, (7)
where fsky is the cut sky factor. For a special experiment, the noise
power spectrum is calculated by
NBB = (ΔP )2 exp
[
( + 1)θ2F
8 ln2
]
, (8)
where ΔP is the constant noise per multipole and θF is the full
width at a half maximum beam in radians. We shall discuss threeTable 1
Instrumental parameters of the CMB experiments.
Planck CMBPol Ideal
fsky 0.8 0.8 0.8
θF (arcmin) 7.1 5 2
ΔP (μK arcmin) 81.2 3.1 0.8
 f (for r = 0.1) . . . 0.046 0.008
kinds of future CMB experiments: the Planck satellite, the planned
CMBPol experiment, and an ideal CMB experiment. Reference sen-
sitivity for representative CMB polarization experiments are given
in Table 1 [33,37]. In the ideal case, we have only considered
the reduced lensed B-polarization spectrum as the contamina-
tion of C BB , which approximately corresponds to a noise with
ΔP  0.8 μKarcmin [38].
In Fig. 2, we have plotted the noise power spectra NBB and
the uncertainty DBB compared with the signal C
BB
 in the model
with the ratio r = 0.1, where we have taken our ﬁducial choice of
the cosmological parameters as below: Ωb = 0.0456, Ωc = 0.228,
ΩΛ = 0.726, Ωk = 0, h = 0.705, f = 0.41. The perturbation param-
eters are adopted as follows: As = 2.445× 10−9, ns = 0.96, αs = 0,
nt = 0.
Fig. 2 shows that the modiﬁcation of C BB by the relativistic
free-streaming gas is noticeable only at  > 200. Since the ampli-
tude of C BB is very small in this range, only the very sensitive
CMB experiments are expectable to be able to detect this modiﬁ-
cation. Fig. 2 also shows that, Planck mission is only sensitive for
the reionization peak of C BB , i.e.  < 10. So it will be not expected
to be able to constrain on the relativistic free-streaming gas in the
Universe. However, for the CMBPol experiment, the signal C BB is
larger than DBB when  < 300, and a detection of this modiﬁca-
tion due to the relativistic free-streaming gas becomes possible. By
solving Eq. (6), we obtain  f = 0.046 for the model with r = 0.1,
and this uncertainty reduced to  f = 0.008 for the ideal experi-
ment.
As expected, the value of  f sensitively depends on the value
of tensor-to-scalar ratio r. In Fig. 3, we plot the value of  f as a
function of r for the CMBPol and ideal experiments. It is seen that,
with the increasing of r, the value of  f becomes smaller. For r =
0.3, one has  f = 0.020 for CMBPol experiment, and  f = 0.005
for ideal experiment. However, when r = 0.01, one has  f = 0.233
for CMBPol experiment, and  f = 0.030 for the ideal experiment.
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4. Conclusions
The relativistic free-streaming gas can modify the spectrum
of RGWs and consequently reduce the CMB B-polarization power
spectra at the scale  > 200. In this Letter, by taking into account
the noise power spectra of the future CMB experiments, we have
presented a constraint on the fraction density f of the relativistic
free-streaming gas among all the relativistic components during
the radiation-dominant stage. We ﬁnd the value of  f strongly
depends on the noise of the experiments and the amplitude of
the RGWs. CMBPol experiment is expected to obtain  f = 0.046
for the model with r = 0.1, and  f = 0.020 for the model with
r = 0.3. For an ideal experiment, where only the B-polarization
contamination by the reduced cosmic lensing effect is included,
we expect to have  f = 0.008 for the model with r = 0.1, and
 f = 0.005 for the model with r = 0.3. Our result shows that the
experiments, like CMBPol, can provide a great chance to study the
relativistic components in the early Universe.
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